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Integral solutions of the quadratic equation x2 + y? = z2 were
found by Babylonian mathematicians in the time of Hammurabi
(1750 BCE).
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The limit of a secant line is a tangent

Yoty =x-x




Large solutions
If the number of solutions is infinite, they quickly become large.
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Even the simplest solution can be large
5115523309x — 140826120488927

y+y=x°

Numerator of x-coordinate of smallest solution (5454 digits
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The theorem of Mordell and Well

The set E(Q) of rational solutions has the structure of a finitely
generated abelian group.
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It is essentially the number of independent rational solutions.
» rank (E) = 0 means there are finitely many solutions.
» rank (E) > 0 means there are infinitely many solutions.
» The curve E(a) with equation
y(y+1)=x(x-1)(x+a)
hasrank =0,1,2,3,4fora=0,1,2,4,16.
What are the possibilities for the finite group T7?

Can the rank be arbitrarily large?



Barry Mazur proved that the only possibilities for T are

T=Z/nZfor1 <n<10orn=12.
T=7Z/nZx7/2Zforn=2,4,6,8.




The current record is rank(E) = 28
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Py5 = [2773931008341865231443771817, 12632162834649921002414116273769275813451]
[2156581188143768409363461387, 35125092964022908897004150516375178087331]
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Bryan Birch and Peter Swinnerton-Dyer made a prediction for
the rank, based on the average number of solutions modulo p,
for prime numbers p.
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What do we mean by a solution of the cubic equation modulo

p?

yP+y=x3—x

(x,y) = (8, 1) is a solution modulo p = 11

There are finitely many solutions A(p) at each prime p.
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It is common to write

Alp)=p+1-a(p)
We define the L-function of E by the infinite product
L(E,s)=]](1 —alp)p+p' %) " => a(n)n*
p

However, this product only converges in the region s > 3/2.

If we formally set s = 1 in the product, we get

[0 -aEp ' +p )" =]]p/AWP)
p
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The conjecture of Birch and Swinnerton-Dyer

1. The function L(E, s) has an analytic continuation to a
neighborhood of s = 1.

2. The order of vanishing of L(E, s) at s = 1 is equal to the
rank of E.

3. The leading term c(E) in the Taylor expansion of L(E, s) at
s = 1 is given by a formula involving arithmetic invariants
of E.

L(E,s) = c(E)(s — 1)*(E) 1
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The most mysterious arithmetic invariant is an abelian group
III( E) studied by John Tate and Igor Shafarevich. This
measures the obstruction in passing from a solution over all
completions of the rational numbers to a rational solution.

L\

They conjectured that III(E) is finite. Its order appears in the
formula for the leading term ¢(E).
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Enumerating elliptic curves over Q

» Every such curve has a unique equation of the form
y? = x3 + Ax + B where A and B are integers (not divisible
by p* and p®, for any prime p), and A = —4A3 —27B2 #£0

» Define the height H(E) as the maximum of the positive
integers |Al® and |B|.

» For any positive real number X, there are only finitely many
curves with H(E) < X.

» Call this number N(X). It grows at the same rate as
(X)1/2(X)1/3 _ X5/6_
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Define the average rank by the limit as X — oo of

NCX) > rank(E)

H(E)<X

We suspect that this limit exists, and is equal to 1/2.

Bhargava and Arul Shankar have shown why there is an
upper bound on the limit, and have obtained a specific
upper bound which is less than 1.

They show that a positive proportion of curves have rank
zero, and (with Chris Skinner) that a positive proportion of
curves have rank one.
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Their method combines the invariant theory of integral
representations with techniques from the geometry of numbers.

It applies more generally to hyperelliptic curves of genus n > 1
with a rational Weierstrass point.

¥2 = X2 Lo x®" 4+ ox?" T L Cong

Bhargava and | have shown that the average rank of their
Jacobians is less than 3/2.

Bjorn Poonen and Michael Stoll then conclude that a positive
proportion of these curves have only one rational point, the
point above x = oo, once 2n+1>5
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THANK YOU!




